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Geometric Interpretation
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Handling Data that are Not Linearly Separable
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Kernel trick

Soft Margin SVM 
(allowing ourselves to make errors)



Idea 1: Use Polar Coordinates to go to z space
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𝑍1=

𝑍2=

𝛽

𝛽

𝛽



Idea 1: Map Data to Higher Dimension ℤ space
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𝑍3=

𝑍2= 𝑍1=



SVM in a Transformed Feature Space

6

𝑓 𝑥 = 𝜙 𝑥 𝜃 + 𝜃0 = 𝑧𝜃 + 𝜃0



Kernel trick – what do we need from ℤ space

𝑙 𝛼 =

𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝑦𝑖𝑦𝑗𝛼𝑖𝛼𝑗𝑧𝑖𝑧𝑗
𝑇

𝛼𝑖 ≥ 0 for 𝑖 = 1, … , 𝑁Constraints: and 

𝑖=1

𝑁

𝛼𝑖𝑦𝑖 = 0

Inner products

Solve 𝛼𝑖 using quadratic programming and predict a test data point z in z space➔

𝑠𝑖𝑔𝑛 z𝜃 + 𝑏 =𝛼𝑖𝑦𝑖𝑧𝑖𝑧 + 𝑏

𝑦1𝑦1𝑧1𝑧1
𝑇 𝑦1𝑦2𝑧1𝑧2

𝑇 … 𝑦1𝑦𝑁𝑧1𝑧1
𝑇

𝑦2𝑦1𝑧2𝑧1
𝑇

…
𝑦𝑁𝑦1𝑧𝑁𝑧1

𝑇

𝑦2𝑦2𝑧2𝑧2
𝑇

…
𝑦𝑁𝑦2𝑧𝑁𝑧2

𝑇

…
…
…

𝑦2𝑦𝑁𝑧2𝑧𝑁
𝑇

…
𝑦𝑁𝑦𝑁𝑧𝑁𝑧𝑁

𝑇

Same result as hard SVM:

We already have this:

𝑧𝑖𝑖𝑛 𝑆𝑉



Generalized inner product

Given two points 𝑥 and 𝑥′, we need 𝑧′𝑧𝑇

Let 𝑧′𝑧𝑇 = 𝐾(𝑥, 𝑥′) The kernel inner product of 𝑥 and 𝑥′

Example:

𝑥 = 𝑥1, 𝑥2 → 2𝑛𝑑 − 𝑜𝑟𝑑𝑒𝑟 Φ

𝑧 = Φ 𝒙 = (1, 𝑥1, 𝑥2, 𝑥1
2, 𝑥2

2, 𝑥1𝑥2) How many dimensions 𝑧 has?

here 𝑥 has two dimensions

𝐾 𝑥, 𝑥′ = 𝑧′𝑧𝑇 = 1 + 𝑥1𝑥1′ + 𝑥2𝑥2′ + 𝑥1
2𝑥1

′2 + 𝑥2
2𝑥2

′2 + 𝑥1𝑥1′𝑥2𝑥2′

𝐾 𝑥, 𝑥 𝐾 𝑥′, 𝑥 𝐾 𝑥′, 𝑥′We can also calculate:

𝑦𝑦𝐾(𝑥, 𝑥) 𝑦𝑦′𝐾(𝑥, 𝑥′)

𝑦′𝑦𝐾(𝑥′, 𝑥) 𝑦′𝑦′𝐾(𝑥′, 𝑥′)



The trick

Can we compute 𝐾(𝑥, 𝑥′) without transforming 𝑥 and 𝑥′?

Example:

𝜙 𝑥 = 𝑧 = (1, 𝑥1
2, 𝑥2

2, 2𝑥1, 2𝑥2, 2𝑥1𝑥2)

𝜙 𝑥′ = 𝑧′ = (1, 𝑥1
′2, 𝑥2

′2, 2𝑥1′, 2𝑥2′, 2𝑥1′𝑥2′)

Datapoint 1 in z space

Datapoint 2 in z space

Datapoint 1 and 2 have 5 dimensions in z space and 1 is for the biased term

𝑥 = (1, 𝑥1, 𝑥2)

𝑥′ = (1, 𝑥1
′ , 𝑥2′)

Datapoint 1 in x space

Datapoint 2 in x space

Datapoint 1 and 2 have 2 dimensions in x space and 1 is for the biased term



𝐾 𝑥, 𝑥′ = 𝜙 𝑥′ 𝜙 𝑥 𝑇 = z′zT

We need to calculate the dot product for the kernel

𝑧 = (1, 𝑥1
2, 𝑥2

2, 2𝑥1, 2𝑥2, 2𝑥1𝑥2) 𝑧′ = (1, 𝑥1
′2, 𝑥2

′2, 2𝑥1′, 2𝑥2′, 2𝑥1′𝑥2′)

𝐾 𝑥, 𝑥′ = 1 + 𝑥1
2𝑥1

′2 + 𝑥2
2𝑥2

′2 + 2𝑥1𝑥′1 + 2𝑥2𝑥′2 + 2𝑥1𝑥′1𝑥2𝑥′2

𝐾 𝑥, 𝑥′ = 1 + 𝑥1𝑥1
′ + 𝑥2𝑥2

′ 2

𝐾 𝑥, 𝑥′ = 𝑥′𝑥𝑇 2

𝑥 = (1, 𝑥1, 𝑥2) 𝑥′ = (1, 𝑥1
′ , 𝑥2′)

Homogeneous kernel



Example: Let’s say we have two datapoints

𝐾(𝑥𝑖 , 𝑥𝑗) =
𝑦𝑦𝐾(𝑥, 𝑥) 𝑦𝑦′𝐾(𝑥, 𝑥′)

𝑦′𝑦𝐾(𝑥′, 𝑥) 𝑦′𝑦′𝐾(𝑥′, 𝑥′)

We need the build the inner 

product matrix to optimize SVM 

parameters.

𝑋 =
1 2
−1 3

weight Height

𝑙 𝛼 =

𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝑦𝑖𝑦𝑗𝛼𝑖𝛼𝑗𝑧𝑖𝑧𝑗
𝑇 = 

𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝑦𝑖𝑦𝑗𝛼𝑖𝛼𝑗𝐾(𝑥𝑖 , 𝑥𝑗)

𝑌 =
𝑐𝑎𝑡
𝑑𝑜𝑔



The polynomial kernel

= ℛ𝑑 𝑎𝑛𝑑 Φ:𝜒 𝜒 → ℤ is polynomial of order 𝑄

The “equivalent kernel = 𝐾 𝑥, 𝑥′ = 1 + 𝑥𝑇𝑥′ 𝑄

= 1 + 𝑥1𝑥1
′ + 𝑥2𝑥2

′ +⋯+ 𝑥𝑑𝑥𝑑
′ 𝑄

Does it matter if 𝑄 is 2 or 1000?

What will happen if we have 𝑑 = 10 and 𝑄 = 100 and we 

want to compute the inner product explicitly?

We need to calculate the inner product of two big huge ugly vectors

Inhomogeneous kernel



We only need ℤ space to exist

if 𝐾 𝑥, 𝑥′ is an inner product in some space ℤ, we are doing good

Example:

𝐾 𝑥, 𝑥′ = exp −𝛾 𝑥 − 𝑥′ 2

First thing first, this is a function of 𝑥 𝑎𝑛𝑑 𝑥′

This function will take us to infinite-dimensional ℤ → CONGRATULATIONS  

𝐾 𝑥, 𝑥′ = exp −(𝑥 − 𝑥′ 2)For d and 𝛾 = 1 ⇒

= exp −𝑥2 exp(−𝑥′2)

𝑘=0

∞
2𝑘𝑥𝑘𝑥′𝑘

𝑘!
exp Taylor expansion for exp(2𝑥𝑥′)

Radial basis kernel



Radial basis kernel in action

Slightly non-linearly separable case for 100 datapoints: 



Transforming 𝜒

into ∞-dimensional ℤ space 



Generalization

Are we killing the generalization by going 

to infinite-dimension? (overfitting)

I am going to answer this with a question.

In this, example how many support 

vectors, we have?

What will happen if we have many support vectors?

The decision boundary line (plane) will be super wiggly ➔ overfitting alarm

Ε 𝐸𝑜𝑢𝑡 ≤
Ε[𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑣𝑒𝑐𝑡𝑜𝑟𝑠]

𝑁 − 1
𝑁 is number of datapoints



Kernel formulation of SVM

𝑦1𝑦1𝑥1𝑥1
𝑇 𝑦1𝑦2𝑥1𝑥2

𝑇 … 𝑦1𝑦𝑁𝑥1𝑥1
𝑇

𝑦2𝑦1𝑥2𝑥1
𝑇

…
𝑦𝑁𝑦1𝑥𝑁𝑥1

𝑇

𝑦2𝑦2𝑥2𝑥2
𝑇

…
𝑦𝑁𝑦2𝑥𝑁𝑥2

𝑇

…
…
…

𝑦2𝑦𝑁𝑥2𝑥𝑁
𝑇

…
𝑦𝑁𝑦𝑁𝑥𝑁𝑥𝑁

𝑇

Remember quadratic programming?

Quadratic coefficients

In ℤ space, the only thing you need: 

𝑦1𝑦1𝐾(𝑥1, 𝑥1) 𝑦1𝑦2𝐾(𝑥1, 𝑥2) … 𝑦1𝑦𝑁𝐾(𝑥1, 𝑥𝑁)
𝑦2𝑦1𝐾(𝑥2, 𝑥1)

…
𝑦𝑁𝑦1𝐾(𝑥𝑁, 𝑥1)

𝑦2𝑦2𝐾(𝑥2, 𝑥2)
…

𝑦𝑁𝑦2𝐾(𝑥𝑁, 𝑥2)

…
…
…

𝑦2𝑦1𝐾(𝑥2, 𝑥𝑁)
…

𝑦𝑁𝑦𝑁𝐾(𝑥𝑁, 𝑥𝑁)



Final stage:

𝑔 𝑥 = 𝑠𝑖𝑔𝑛(𝑧𝜃 + 𝑏) 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝐾(−,−)

𝑤ℎ𝑒𝑟𝑒 → 𝜃 =𝛼𝑖𝑦𝑖𝑧𝑖 →

𝑧𝑖𝑖𝑛 𝑆𝑉

𝑔 𝑥 = 𝑠𝑖𝑔𝑛(𝛼𝑖𝑦𝑖𝑧𝑖 𝑧 + 𝑏)

𝑧𝑖𝑖𝑛 𝑆𝑉

𝑔 𝑥 = 𝑠𝑖𝑔𝑛(𝛼𝑖𝑦𝑖𝐾(𝑥𝑖 , 𝑥) + 𝑏)

𝛼𝑖 > 0

𝑎𝑛𝑑 𝑏: 𝑏 = 𝑦𝑗 − σ𝛼𝑖𝑦𝑗𝐾(𝑥𝑖 , 𝑥𝑗)
𝛼𝑖 > 0, 𝛼𝑗 > 0

𝑓𝑜𝑟 𝑎𝑛𝑦 𝑆𝑉 𝑥𝑖 𝑎𝑛𝑑 𝑥𝑗



How do we know that the kernel is valid?

Does a z exist?

𝐹𝑜𝑟 𝑎 𝑔𝑖𝑣𝑒𝑛 𝐾 𝑥, 𝑥′ → We can check the validity 

Three approaches:

1. By construction (Polynomial one)

2. Math properties (Mercer’s condition)

3. Not worrying about validity of a kernel



Design your kernel

𝐾 𝑥, 𝑥′ is valid 𝑖𝑓𝑓

1. It is symmetric ➔ 𝐾 𝑥, 𝑥′ =𝐾 𝑥′, 𝑥

2. The matrix ➔
𝑦1𝑦1𝐾(𝑥1, 𝑥1) 𝑦1𝑦2𝐾(𝑥1, 𝑥2) … 𝑦1𝑦𝑁𝐾(𝑥1, 𝑥𝑁)
𝑦2𝑦1𝐾(𝑥2, 𝑥1)

…
𝑦𝑁𝑦1𝐾(𝑥𝑁 , 𝑥1)

𝑦2𝑦2𝐾(𝑥2, 𝑥2)
…

𝑦𝑁𝑦2𝐾(𝑥𝑁 , 𝑥2)

…
…
…

𝑦2𝑦𝑁𝐾(𝑥2, 𝑥𝑁)
…

𝑦𝑁𝑦𝑁𝐾(𝑥𝑁 , 𝑥𝑁)

is positive-semi definite

For any 𝑥1, … , 𝑥𝑁 (Mercer’s condition)

https://en.wikipedia.org/wiki/Definiteness_of_a_matrix
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Common Kernels

𝑥′𝑥𝑇

𝑥′𝑥𝑇



Do we need non-linearity for small deviations???

• No!!!!!

• Use Soft-SVM



Soft SVM – Two types of non-separable

Kernel will deal with thisSoft SVM will deal with this



Error measure

Non-violated case: Margin violation:

if 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 > 1 ⇒ Non SV

Let′s introcduce a slack variable: 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 ≥ 1 − 𝜉𝑖 𝜉𝑖 ≥ 0

Total violation =

𝑖=1

𝑁

𝜉𝑖



The new optimization

Minimize 
1

2
𝜃𝜃𝑇 + C

𝑖=1

𝑁

𝜉𝑖
C will define the relative importance of

the first or second term

C = 0 is equal to Hard SVM

𝑠. 𝑡. 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 ≥ 1 − 𝜉𝑖 for 𝑖 = 1, … , 𝑁

for 𝑖 = 1, … , 𝑁𝑎𝑛𝑑 𝜉𝑖 ≥ 0

𝜃 ∈ ℝ𝑑 , 𝑏 ∈ ℝ, 𝜉 ∈ ℝ𝑁



The Lagrange formulation

ℒ 𝜃, 𝑏, 𝜉, 𝛼 =
1

2
𝜃𝜃𝑡 −

𝑖=1

𝑁

𝛼𝑖 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 − 1

Hard svm: Minimize 
1

2
𝜃𝜃𝑇 𝑠. 𝑡. 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 ≥ 1

ℒ 𝜃, 𝑏, 𝛼 =
1

2
𝜃𝜃𝑇 −

𝑖=1

𝑁

𝛼𝑖(𝑦𝑖 𝑥𝑖𝜃 + 𝑏 − 1)

Soft svm: Minimize 
1

2
𝜃𝜃𝑇 + C

𝑖=1

𝑁

𝜉𝑖 𝑠. 𝑡. 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 ≥ 1 − 𝜉𝑖 𝑎𝑛𝑑 𝜉𝑖 ≥ 0

+𝐶

𝑖=1

𝑁

𝜉𝑖 +𝜉𝑖 −

𝑖=1

𝑁

𝛽𝑖𝜉𝑖



ℒ 𝜃, 𝑏, 𝜉, 𝛼 =
1

2
𝜃𝜃𝑇 −

𝑖=1

𝑁

𝛼𝑖 𝑦𝑖 𝑤
𝑇𝑥𝑖 + 𝑏 − 1+𝐶

𝑖=1

𝑁

𝜉𝑖 +𝜉𝑖 −

𝑖=1

𝑁

𝛽𝑖𝜉𝑖

PLEASE do not scare, terms will be dropping fast

Minimize w.r.t 𝜽, 𝑏, 𝑎𝑛𝑑 𝜉 and maximize w.r.t 𝛼𝑖 ≥ 0 𝑎𝑛𝑑 𝛽𝑖 ≥ 0

KKT condition for inequality constraints

Let’s do the minimization:

𝛻𝜃 ℒ 𝜃, 𝑏, 𝜉, 𝛼 = 𝜃 −

𝑖=1

𝑁

𝛼𝑖𝑦𝑖𝑥𝑖 = 0

𝛻𝑏 ℒ 𝜃, 𝑏, 𝜉, 𝛼 = −

𝑛=1

𝑁

𝛼𝑖𝑦𝑖 = 0

𝛻𝜉 ℒ 𝜃, 𝑏, 𝜉, 𝛼 = 𝐶 − 𝛼𝑖 − 𝛽𝑖

If we substitute 𝛽𝑖 up 

there, the whole 

formulation will get 

back to hard svm



The solution

𝛽𝑖 = 𝐶 − 𝛼𝑖

𝛽𝑖 ≥ 0 ➔ 𝐶 − 𝛼𝑖 ≥ 0 → 0 ≤ 𝛼𝑖 ≤ 𝐶 for 𝑖 = 1, … , 𝑁

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ℒ 𝛼 =

𝑖=1

𝑁

𝛼𝑖 −
1

2


𝑖=1

𝑁



𝑗=1

𝑁

𝑦𝑖𝑦𝑗𝛼𝑖𝛼𝑗𝑥𝑖𝑥𝑗
𝑇 w. r. t 𝛼

𝑠. 𝑡. 0 ≤ 𝛼𝑖 ≤ 𝐶 for 𝑖 = 1,… , 𝑁 𝒂𝒏𝒅 

𝑖=1

𝑁

𝛼𝑖𝑦𝑖 = 0

⇒ 𝜃 =

𝑖=1

𝑁

𝛼𝑖𝑦𝑖𝑥𝑖
1

2
𝜃𝜃𝑇 + C

𝑖=1

𝑁

𝜉𝑖will minimize 



Type of support vectors

We call the three points as margin support vectors

0 < 𝛼𝑖 < 𝐶

𝑦𝑖 𝑥𝑖𝜃 + 𝑏 = 1 ⇒ 𝛽𝑖 > 0 ⇒ 𝜉𝑖 = 0 (KKT condition)

𝛽𝑖 = 𝐶 − 𝛼𝑖

non-margin support vectors (𝛼𝑖= 𝐶)

𝛽𝑖 = 0 ⇒ 𝜉𝑖 > 0 (KKT condition)

𝑦𝑖 𝑥𝑖𝜃 + 𝑏 < 1

𝑦𝑖 𝑥𝑖𝜃 + 𝑏 > 1 − 𝜉𝑖 if      𝜉𝑖 > 0

Any violating points become support vectors

𝛼𝑖 = 0 ⇒ 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 > 1

𝛼𝑖 = 𝐶 ⇒ 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 < 1

0 < 𝛼𝑖 < 𝐶 ⇒ 𝑦𝑖 𝑥𝑖𝜃 + 𝑏 = 1
SV on the margin

SV on the wrong side

Non SV

0 < 𝛼𝑖 < 𝐶

0 < 𝛼𝑖 < 𝐶

0 < 𝛼𝑖 < 𝐶

𝛼𝑖 = 𝐶



violating points become 

support vectors

How to define the hyper-parameter C:  Cross Validation

How to choose C?



31

Primal and Dual Forms of SVM

𝑓(𝑥𝑡𝑒𝑠𝑡) =𝛼𝑖𝑦𝑖𝑥𝑖𝑥𝑡𝑒𝑠𝑡
𝑇 + 𝑏

𝑥𝑖𝑖𝑛 𝑆𝑉

𝑓(𝑥𝑡𝑒𝑠𝑡) = 𝑥𝑡𝑒𝑠𝑡𝜃 + 𝜃0



Kernel SVM: Summary
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