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Some logistics

• Creating team.

• Office hours are started from next week. 

• First quiz out this Thursday. 

• First assignment out this Thursday (early release).



Outline

• Linear Algebra Basics

• Norms

• Multiplications

• Matrix Inversion

• Trace and Determinant

• Eigen Values and Eigen Vectors

• Singular Value Decomposition

• Matrix Calculus



Why Linear Algebra?
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Example: Points



Example: Lines

y = mx + c!

y = x

y = x + 1

y = 0

x = 0
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Norms
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Norms
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Vector Norm Examples



Special Matrices
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Multiplications
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Multiplications

T
𝑥 ⊗ 𝑦 =



Inner Product Properties



Inner Product Properties



Inner Product Properties



Example dot product

1) y = 0
0 1

2) x = 0
1 0



Example Hadamard product or element wise 
multiplication

• Multiply each element a matrix with index (i,j,…) to another 
matrix’s element with the same index (i,j,…) to create a new 
matrix with the same number of elements.

• All matrices involved have the same shape and size.



Poll

• Identity matrix for Hadamard product?

1 2
3 3

1 0
0 1

Or

1 1
1 1



Matrix multiplication geometric meaning
Affine transformations!!!

y = x
-x + y = 0

−1 1

Identity matrix

1 0
0 1

Random matrix

1 1
0 1
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• Eigen Values and Eigen Vectors
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Linear Independence and Matrix Rank
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Matrix Rank: Examples

What are the ranks for the following matrices?



Geometric meaning

• Parallel lines: y = x and 2y = 2x + 1



Matrix Inverse
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Matrix Trace
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Matrix Determinant

𝑑



Properties of Matrix Determinant
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Eigenvalues and Eigenvectors
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Computing Eigenvalues and Eigenvectors

𝑑.

𝑑 𝑑

(𝐴 − 𝜆𝐼)

(𝐴 − 𝜆𝐼) (𝐴 − 𝜆𝐼)

(𝐴 − 𝜆𝐼)



Eigenvalue Example

Slide credit: Shubham Kumbhar



Matrix Eigen Decomposition

columns
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• Singular Value Decomposition



Covariance matrix



Covariance matrix



Correlation matrix



Correlation matrix



Singular Value Decomposition

46

𝑋𝑛×𝑑
n: instances
d: dimensions
X is a centered matrix

𝑋 = 𝑈Σ𝑉𝑇

𝑈𝑛×𝑛 → 𝑢𝑛𝑖𝑡𝑎𝑟𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 → 𝑈 × 𝑈𝑇 = 𝐼

Σ𝑛×𝑑 → 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑚𝑎𝑡𝑟𝑖𝑥

V𝑑×𝑑 → 𝑢𝑛𝑖𝑡𝑎𝑟𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 → 𝑉 × 𝑉𝑇 = 𝐼
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𝑈 Σ 𝑉𝑇

𝑑 < 𝑛



Importance of SVD



𝐶𝑑×𝑑 =
𝑋𝑇𝑋

𝑛

𝑋 = 𝑈Σ𝑉𝑇

𝐶 =
𝑋𝑇𝑋

𝑛

𝐶 =
𝑉Σ𝑇𝑈𝑇𝑈Σ𝑉𝑇

𝑛
=
𝑉Σ2𝑉𝑇

𝑛

Covariance matrix:



𝐶 =
𝑉Σ2𝑉𝑇

𝑛
= 𝑉

Σ2

𝑛
𝑉𝑇

So, we can directly calculate eigenvalue of a covariance matrix by 
having the singular value of matrix X directly

𝜆𝑖 =
Σ𝑖
2

𝑛
➔ The eigenvalues of covariance matrix

According to Eigen-decomposition definition ➔𝐶𝑉 = VΛ

𝐶𝑉 = 𝑉
Σ2

𝑛
𝑉𝑇𝑉 = 𝑉

Σ2

𝑛

𝜆𝑖: Eigenvalue of 𝐶 or covariance matrix

Σ𝑖: Singular value of 𝑋 matrix



Geometric Meaning of SVD

Image Credit: Kevin Binz



SVD Example

51From [Strang]



Example on an image

RGB Image to matrix from kdnuggets.com



Example on an image

From SVD example in Data Driven Science & Engineering by Steven L. BruntonAnd J. Nathan Kutz

RGB Image to matrix from kdnuggets.com



Example on an image



Example on an image

From SVD example in Data Driven Science & Engineering by Steven L. BruntonAnd J. Nathan Kutz



Summary

• Linear Algebra Basics

• Norms

• Multiplications

• Matrix Inversion

• Trace and Determinant

• Eigen Values and Eigen Vectors

• Singular Value Decomposition


